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Recap: Agents and environments

percepts

actions

actuators

 The agent function maps from percept histories to
actions:

[f. 2* > A]
 The agent program runs on the physical
architecture to produce f

e agent = architecture + program
architecture: PC, robotic car, ...



Bayes® Rule

Product rule P(a A b) = P(alb)P(b) = P(bla)P(a)

— Bayes' rule P(alb) = P(b};z()lf;(a)
or in distribution form
PY|X)= PAXY)P(Y) =aP(X|Y)P(Y)

P(X)
Useful for assessing diagnostic probability from causal probability:

P(Ef fect|Cause)P(Cause)
P(Effect)

E.g., let M be meningitis, S be stiff neck:

P(s|m)P(m) 0.8 x 0.0001
P(sy 0.1

Note: posterior probability of meningitis still very small!

P(Cause|Ef fect) =

P(mls) = = (.0008




Bayes’ Rule (2)

P (Cavity|toothache N catch)
= a P(toothache A catch|Cavity)P(Cavity)
= a P(toothache|Cavity)P(catch|Cavity)P(Cavity)

This is an example of a naive Bayes model:

P(Cause, Effecty. ..., Ef fect,) = P(Cause)I,P(Ef fect,

Com Come )
<o &

Total number of parameters is linear in n

Cause)



Updating the belief state

toothache -toothache
pcatch |-pcatch |pcatch |-pcatch

cavity [0.108 |0.012 |0.072 |0.008
-~cavity |0.016 |0.064 |0.144 |0.576

= Let D now observe toothac

ne with probability
0.8 (e.g., “the patient says s0”)

= How should D update its belief state?




Updating the belief state

toothache -toothache

pcatch | -pcatch |pcatch |-pcatch
cavity |0.108 0.012 0.072 ]0.008
~cavity |0.016 0.064 |0.144 |0.576

Let E be the evidence such that P(foothache|E) = 0.8
We want to compute P(C,Pc, T|E) = P(CPc|T,E)P(T|E)

Since E is not directly related to the cavity or the
probe catch, we consider that C and Pc are independent

of E given T, hence: P(C,Pc|T,E) = P(CPc|T)




Updating the belief state

toothache

-toothache

cavity

pcatch | -pcatch |pcatch

0/9720.018

~cavity |Q.018 o oe

= Let E be the evidence such that P(toothac

a | To get these 4 probabilities
we nhormalize their sum to 0.8

’c, TIE) = P(CPc

ated to the cav

T,E) P(T|E)
ty or the

probe .CC‘TCh: WE To get these 4 pr'obabili.Ti-es
of E given T, he we normalize their sum to 0.2

e independent
T)




Issues

= If a state is described by n propositions,
then a belief space contains 2" states
(possibly, some have probability O)

= — Modeling difficulty: many numbers
must be entered in the first place

= — Computational issue: memory size and
Time



toothache -toothache

pcatch | -pcatch |pcatch |-pcatch
cavity |0.108 0.012 0.072 |0.008
~cavity |0.016 0.064 |0.144 |0.576

= Toothache and Pcatch are independent given
cavity (or -cavity), but this relation is hidden
in the numbers | [Verify this]

= Bayesian networks exp
independence among propositions to reduce
the number of probabi

state

icitly represent

iTies defining a belief




Bayesian networks

« A simple, graphical notation for conditional
independence assertions and hence for compact
specification of full joint distributions

* Syntax:
a set of nodes, one per variable
a directed, acyclic graph (link = "directly influences")
a conditional distribution for each node given its parents:
P (X, | Parents (X))

* In the simplest case, conditional distribution
represented as a (CPT)
giving the distribution over X; for each combination
of parent values



Example

* Topology of network encodes conditional
independence assertions:

D @

» Weather is independent of the other variables

» Toothache and Catch are conditionally independent
given Cavity



Example

* I'm at work, neighbor John calls to say my alarm is ringing, but
neighbor Mary doesn't call. Sometimes it's set off by minor
earthquakes. Is there a burglar?

« Variables: Burglary, Earthquake, Alarm, JohnCalls, MaryCalls

» Network topology reflects "causal” knowledge:
+ A burglar can set the alarm off
+ An earthquake can set the alarm off
+ The alarm can cause Mary to call
+ The alarm can cause John to call



Example contd.

P(B)

P(AIB,E)

MM ~| =

m =T ~| ]
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94
29
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PE)
Earthquake 002
A |P(MIA)
F| Ol




Compactness

A CPT for Boolean X; with k Boolean parents has 2k rows for the

combinations of parent values @
Each row requires one number p for X, = true }&
(the number for X; = false is just 1-p) @ @

If each variable has no more than k parents, the complete network
requires O(n - 2¥) numbers

l.e., grows linearly with n, vs. O(27) for the full joint distribution

For burglarynet, 1 + 1 + 4 + 2 + 2 = 10 numbers (vs. 2°-1 = 31)



Semantics

The full joint distribution is defined as the product of the local

conditional distributions: /(E)
P (X, ... ,X,)=m"_,P (X | Parents(X)) ﬁ

eg., Prmaan-ba-e @ @
=P(@(/aP(m|a)P(a]|-b, -e)P(-b)P (-e)



Constructing Bayesian networks

1. Choose an ordering of variables X, ... ,X,

2.Fori=1ton

+ add X; to the network
+ select parents from X,, ... ,X;_; such that
P (X. | Parents(X)) = P (X, | X, ...

Xt/

This choice of parents guarantees:
, X;_;) (chain rule)

PX, ..,X) =m_,PX/[X,..
r’_,P (X; | Parents(X})) (by construction)



Example

* Suppose we choose the ordering M, J, A, B, E

Py | M) = P(Q)?



Example

* Suppose we choose the ordering M, J, A, B, E

P( | M) = P()? No
PA[J, M) =PA[J)? PA/[J M = PAR?



Example

* Suppose we choose the ordering M, J, A, B, E

Py | M) = P()? No

PA[J, M) =PA/[J)? PA]/J M) =PA)? No
PB[A J, M)=PB/|A?
PB [ A, J, M) = P(B)?



Example

* Suppose we choose the ordering M, J, A, B, E

Py | M) = P()? No

PA[J, M) =PA[J? PA][J, M)=PAR No
PB A, J, M) =PB|AR Yes

P(B | A, J, M) = P(B)? No

P(E|B, A.J, M) =PE]|AR

P(E|B A J, M) =PE|A B?




Example

* Suppose we choose the ordering M, J, A, B, E

Py | M) = P()? No

PA[J, M) =PA[J? PA][J, M)=PAR No
PB A, J, M) =PB|AR Yes

P(B | A, J, M) = P(B)? No

P(E|B, A .J, M) = P(E| AR No

P(E|B, A J,M) = P(E|A B? Yes




Example contd.

Burgla

Earthquake

* Deciding conditional independence is hard in noncausal directions

* (Causal models and conditional independence seem hardwired for
humans!)

* Network is less compact: 1 + 2 + 4 + 2 + 4 = 13 numbers needed



Inference tasks

Simple queries: compute posterior marginal P(X;|E=e)
e.g., P(NoGas|Gauge=empty, Lights = on, Starts= false)

Conjunctive queries: P(X;, X;|E=e) = P(X;|E=¢)P(X;|X,,E=¢)

Optimal decisions: decision networks include utility information;
probabilistic inference required for P(outcome|action, evidence)

Value of information: which evidence to seek next?
Sensitivity analysis: which probability values are most critical?

Explanation: why do | need a new starter motor?



Inference by enumeration

Slightly intelligent way to sum out variables from the joint without actually
constructing its explicit representation

Simple query on the burglary network:

P(B|j, m) &)

= P(B, j,m)/P(j, m) ‘\}z\)‘\/@)
= aP(B, j,m)

=@ 2 2y P(B,e,a,j,m) @ @

Rewrite full joint entries using product of CPT entries:
P(B|j,m)

= a X, 22, P(B)P(e)P(a|B, e)P(j|a) P(m|a)

= aP(B) 2. P(e) 2, P(a|B,e)P(j|la)P(m|a)

Recursive depth-first enumeration: O(n) space, O(d") time

Chapter 14.4-8 4



Enumeration algorithm

function ENUMERATION-ASK(X, e, bn) returns a distribution over X
inputs: X, the query variable
e, observed values for variables E
bn, a Bayesian network with variables {X} U E U Y

Q(X) « a distribution over X, initially empty
for each value z; of X do

extend e with value z; for X

Q(z;) — ENUMERATE-ALL(VARS[b7], €)
return NORMALIZE(Q(X))

function ENUMERATE-ALL(vars, e) returns a real number
if EMPTY?(vars) then return 1.0
Y« FIRST(vars)
if Y has value 7 in e
then return P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars),e)
else return ¥, P(y | Pa(Y)) x ENUMERATE-ALL(REST(vars), e,)
where e, is e extended with ¥ = y

Chapter 14.4-5



Evaluation tree

P(alb,e) ’ P(alb,—e) P(malbe)
95 94 06
P(jla) P(jl —a) P(jla) P(jl—a)
90 05 90 05
O O O O
P(mla) P(ml—a) P(mla) P(ml—a)
70 01 70 01
O O O O

Enumeration is inefficient: repeated computation
e.g., computes P(j|a)P(m|a) for each value of e

Chapter 14.4-5



Summary

» Bayesian networks provide a natural
representation for (causally induced)
conditional independence

 Topology + CPTs = compact
representation of joint distribution

» Generally easy for domain experts to
construct



