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Achtung

Diese Folie enthalten
Kardinalitätsrestriktionen und

keine Multiplizitäten wie in vielen
UML-Darstellungen üblich



An Example UML Class Diagram
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(by the way: Entity-Relationship Schema)
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Semantics

In a specific model (i.e., world):

• A class is a set of instances;

• a property is a set of pairs of instances;

• an attribute (a property with literal value) is a set of pairs of an instance and a domain

element.
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A model is described by sets of instances
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The relational representation of a model
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Constraints introduced by Properties
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Constraints introduced by Properties

Employee ProjectWorks-for
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Constraints introduced by Properties

Employee ProjectWorks-for
Dom Ran

Works-for ⊆ Employee × Project
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Constraints introduced by Attributes

Project

ProjectCode : String
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Constraints introduced by Attributes

Project

ProjectCode : String

Project ⊆ {p | ♯(ProjectCode ∩ ({p} × String)) ≥ 1}

(31)



Constraints introduced by Cardinality Constraints
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TopManager ProjectManagesmin..max

TopManager ⊆ {m | max ≥ ♯(Manages ∩ ({m} × Ω)) ≥ min}

(where Ω is the set of all instances)
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TopManager ProjectManagesmin..max
Dom Ran

TopManager ⊆ {m | max ≥ ♯(Manages ∩ ({m} × Ω)) ≥ min}
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The Cardinality Construct: An Example

Professor StudentSupervises2..3 1..1

A possible model is:
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The Cardinality Construct: An Example

Professor StudentSupervises2..3 1..1

An impossible model is:

Professor

professorId
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Bob
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John

Mary
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Constraints introduced by ISA

Employee
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Constraints introduced by ISA

Employee

Manager

Manager ⊆ Employee
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Disjoint and Total constraints
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Disjoint and Total constraints

AreaManager TopManager

Manager

{disjoint,complete}

• ISA: AreaManager ⊆ Manager

• ISA: TopManager ⊆ Manager

• disjoint: AreaManager ∩ TopManager = ∅

• complete: Manager ⊆AreaManager ∪TopManager
(36)



Constraints introduced by the initial diagram

Works-for ⊆ Employee × Project

Manages ⊆ TopManager × Project

Employee ⊆ {e | ♯(PaySlipNumber ∩ ({e} × Integer)) ≥ 1}

Employee ⊆ {e | ♯(Salary ∩ ({e} × Integer)) ≥ 1}

Project ⊆ {p | ♯(ProjectCode ∩ ({p} × String)) ≥ 1}

TopManager ⊆ {m | 1 ≥ ♯(Manages ∩ ({m} × Ω)) ≥ 1}

Project ⊆ {p | 1 ≥ ♯(Manages ∩ (Ω × {p})) ≥ 1}

Project ⊆ {p | ♯(Works-for ∩ (Ω × {p})) ≥ 1}

Manager ⊆ Employee

AreaManager ⊆ Manager

TopManager ⊆ Manager

AreaManager ∩ TopManager = ∅

Manager ⊆ AreaManager ∪ TopManager
(37)



Reasoning

Given an ontology – seen as a collection of constraints – it is possible that

additional constraints can be inferred.

• A class is inconsistent if it denotes the empty set in any legal world

description.

• A class is a subclass of another class if the former denotes a subset of the set

denoted by the latter in any legal world description.

• Two classes are equivalent if they denote the same set in any legal world

description.

• A stricter constraint is inferred – e.g., a cardinality constraint – if it holds in in

any legal world description.

• . . .

(38)



Simple reasoning example

Italian English

Person

Lazy LatinLover

{disjoint,covering}

Gentleman Hooligan

{disjoint}
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Simple reasoning example

Italian English

Person

Lazy LatinLover

{disjoint,covering}

Gentleman Hooligan

{disjoint}

implies

LatinLover = ∅

Italian ⊆ Lazy – Italian ≡ Lazy

(39)



Reasoning by cases

LatinLoverLazy Mafioso ItalianProf

Italian

{disjoint,complete}

{disjoint}

(40)



Reasoning by cases

LatinLoverLazy Mafioso ItalianProf

Italian

{disjoint,complete}

{disjoint}

implies

ItalianProf ⊆ LatinLover

(40)



ISA and Inheritance

Employee

Salary:Integer

Manager
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ISA and Inheritance

Employee

Salary:Integer

Manager

Salary:Integer

implies

Manager ⊆ {m | ♯(Salary ∩ ({m} × Integer)) ≥ 1}

(41)



Infinite worlds: the democratic company

Supervisor

Employee

supervises

0..1

2..2
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Infinite worlds: the democratic company

Supervisor

Employee

supervises

0..1

2..2

implies

“the classes Employee and Supervisor contain an infinite number of instances”.

Therefore, the schema is inconsistent.
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Bijection: how many numbers

Natural Number

Even Number
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1..1
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implies

“the classes ’Natural Number’ and ’Even Number’ contain the same number of

instances”.
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Bijection: how many numbers

Natural Number

Even Number

rel

1..1

1..1

implies

“the classes ’Natural Number’ and ’Even Number’ contain the same number of

instances”.

If the domain is finite: Natural Number ≡ Even Number

(43)



i•com: Intelligent Conceptual Modelling tool

• i•com allows for the specification of multiple ontologies diagrams and inter-

and intra-schema constraints;

• Complete logical reasoning is employed by the tool using a hidden underlying

(description logic) inference engine;

• i•com verifies the specification, infers implicit facts and stricter constraints,

and manifests any inconsistencies during the conceptual modelling phase.

• www.inf.unibz.it/˜franconi/icom/

(44)



UML in First Order Logic

• We have introduced UML as a language that specifies a set of constraints that

should be satisfied by the world of interest.

• The interpretation of a UML diagram is therefore defined as the collection of all

the legal world descriptions – i.e., all the (finite) relational structures which

conform to the constraints imposed by the ontology.

• An alternative way to define the interpretation: an ontology is mapped into a

set of First Order Logic (FOL) formulas.

• The legal world descriptions (i.e., the interpretation) of a UML diagram are all the

models of the FOL theory associated to it.

(45)



FOL: The Alphabet

The Alphabet of the FOL language will have the following set of Predicate

symbols:

• 1-ary predicate symbols: E1, E2, . . . , En for each Class (Entity);

D1, D2, . . . , Dm for each Basic Domain.

• binary predicate symbols: A1, A2, . . . , Ak for each Attribute.

• binary predicate symbols: P1, R2, . . . , Pp for each Property.

(46)



FOL Notation

• Vector variables indicated as x stand for an n-tuple of variables:

x = x1, . . . , xn

• Counting existential quantifier indicated as ∃≤n or ∃≥n.

∃≤nx. ϕ(x) ≡

∀x1, . . . , xn, xn+1. ϕ(x1) ∧ . . . ∧ ϕ(xn) ∧ ϕ(xn+1) →

(x1 = x2) ∨ . . . ∨ (x1 = xn) ∨ (x1 = xn+1) ∨

(x2 = x3) ∨ . . . ∨ (x2 = xn) ∨ (x2 = xn+1) ∨

. . . . . . ∨ (xn = xn+1)

∃≥nx. ϕ(x) ≡

∃x1, . . . , xn. ϕ(x1) ∧ . . . ∧ ϕ(xn) ∧

¬(x1 = x2) ∧ . . . ∧ ¬(x1 = xn) ∧

¬(x2 = x3) ∧ . . . ∧ ¬(x2 = xn) ∧

. . . . . . ∧ (xn−1 = xn) (47)



The Interpretation function

Interpretation : I = 〈D, ·I〉, where D is an arbitrary non-empty set such that:

• D = Ω ∪ B, where:

• B = ∪m
i=1BDi. BDi is the set of values associated with each basic

domain (i.e., integer, string, etc.); and BDi ∩ BDj = ∅, ∀i, j. i 6= j

• Ω is the abstract entity domain such that B ∩ Ω = ∅.

(48)



The Formal Semantics for the Atoms

I is the interpretation function that maps:

• Basic Domain Predicates to elements of the relative basic domain:

Di
I = BDi (e.g., StringI = BString).

• Entity-set Predicates to elements of the entity domain:

Ei
I ⊆ Ω.

• Attribute Predicates to binary relations such that:

Ai
I ⊆ Ω × B.

• Property Predicates to binary relations over the entity domain:

Ri
I ⊆ Ω × Ω = Ω2.

(49)



FOL encoding

AreaManager TopManager

Manager
Project

ProjectCode:String

Employee

PaySlipNumber:Integer

Salary:Integer

{disjoint,complete}

1..⋆

Works-for

1..1

1..1

Manages

∀x, y. Works-for(x, y) → Employee(x) ∧ Project(y)

∀x, y. Manages(x, y) → Top-Manager(x) ∧ Project(y)

∀y. Project(y) → ∃x. Works-for(x, y)

∀y. Project(y) → ∃=1x. Manages(x, y)

∀x. Top-Manager(x) → ∃=1y. Manages(x, y)

∀x. Manager(x) → Employee(x)

∀x. Manager(x) → Area-Manager(x) ∨ Top-Manager(x)

∀x. Area-Manager(x) → Manager(x) ∧ ¬Top-Manager(x)

∀x. Top-Manager(x) → Manager(x)
(50)
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